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Estimation of Reactivity Ratios 
from Multicomponent Copolymerizations 

k RUDLY,' W. R, ABLESOX,? S. S. M. CHLANG, * and 
G. W. BENNETTT 

University of Waterloo 
Waterloo, Ontario, Canada 

A B S T R A C T  

The composition of the copolymer formed from n monomers 
in addition polymerization can be expressed in t e r m s  of the 
monomer feed composition and n ( n  - 1) binary reactivity 
ratios,  according to the famiiizr simple copoiymer model. 
Reactivity ratios a r e  determined experimentally from cor- 
responding feed and monomer compositions in binary co- 
polymerizations. This art icle reports  methods for deriving 
such reactivity ratios directly from multicomponent 
polymerization dacz Analytical solution of the multi- 
component copolymer equations is not feasible because of 
the limited number of experimental points and experimental 
uncertainty in the copolymer cornposition. Computer- 
assisted procedures have been developed to estimate re- 
activity rates by optimizing the fit of predicted and 
experimenrai copolymer compositions, given the monomer 
feed composition and preliminary values of the reactivitjl 
ratios. All n ( n  - 1) reactivity ratios are adjustable. The 
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1204 RUDIN ET LL. 

methods are demonstrated for styrene/methacrylonitrile/ 
a-methylstyrene, butadiene/styrene/2-methyl- 5-vinyl- 
pyridine and acrylonitrile/methyl methacrylate/& 
methylstyrene systems. Binary reactivity ratios predict 
ternary copolymer compositions generally well in these 
c u e s .  Reasons a re  suggested why reactivity ratios from 
multicomponent experiments may not match the correspond- 
in3 parameters from binary copolymerizations. 

I N T R O D U C T I O N  

The composition oi the copolymer formed from given concentra- 
tions o€ three monomers is determined by :he values of six b i w !  
reactivity ratios, according to the familiar simple copolymerization 
model for addition polymerizations [ 1, 21. Reactivity ratios are 
determined experimentally from corresponding monomer feed and 
polymer compositions in binary copolymerizations. Estimation of 
reactivity ratios directly from feed and copolymer compositions in 
multicomponent systems h a s  not been practical to date. The 
reactivity ratios measured in two-component e-xperimental studies 
seem to be generally applicable in multicomponent copolymeriza- 
tions [ 1-51, although exceptions to this conclusion have been 
recorded [ 6, 71. 

The reports cited have involved compansons of experirnental 
copolymer conpositions with those predicted by use of selected 
reactivity ratios. The adequacy of the reactivitp ratio values and 
of the copolymerization model used is judged subjectively by the 
agreement between experimental and predicted polymer 
compositions. 

The general difficulties in determining polymer composition 
make it impractical to derive reliable reactivity ratios from 
analytical solutions of the multicomponent copolymer equation, in 
parallel with standard methods in binary systems. The techniques 
reported here estimate multicomponent reactivity ratios by 
minimizing the devmtions between predicred and observed polymer 
compositions. Anal-ytical solutions of the copolymer equations are 
not attempted. 

This art icle describes three somewhat different methods €or 
optimizing reactivity ratios from multicomponent copolymerization 
data. XU six terpolyrnerrzation reactivity ratios are considered to 
be adjustable. .A differential form of the simple copolymer 
equation [ 1, 21 is used, and the procedures outlined axe readdy 
extended to systems conmirung more t h a  three monomers. 

The methods reported ape intended to produce the best-fit 
reactivity rarios, $ven copolymer and corresponding monomer 
feed cornpositions and preliminary iralues of the reactivity ratios. 
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ESTIIvL4TION OF REACTNITY MTIOS 1205 

The accuracy of such preliminary values is not critical. Q-e cal- 
culations could be used, for example, if experimental binary system 
values are lacking. 

At present, the preferred methods for deriving reactivity ratios 
from differential forms of the binary copolymer equation rely on 
nonlinear fits of calculated and experimental copolymer compositions 
[ 8- 101. Nonlinear optimization is applied also to terpolymerization 
data in this work. 

solution of the differential terpolgmer equation The nurnber of ex- 
perimental feed compositions is usually quite small and the analytical 
uncertainty in copolymer composition may be appreciable. Reactivity 
ratios which could be derived by direct solution of the terpolymer 
equations would therefore probably have fairly large uncertainties, 
and it is likely that best-fit reactivity ratios estimated as described 
here would be within such confidence intervals. 

The optimization procedures used avoid the difficulties of a direct 

E S T I M A T I O N  O F  R E A C T I V I T Y  R A T I O S  

The data used for development of the mathematical procedures re- 
ported are from free radical copolymex5zations of methacrylonitrile 
(W), styrene (S), and 0-methylstyrene ( m S )  at 60'C Sj. Table 1 
compares experimental terpolymer compositions with those calculated 
from reactivity ratios measured in binary copolymerizations [ 10- 121. 
We feel that the  preseot accuracy of analytical data in copolymer 
systems is such that only gross discriminations between copolymeriza- 
tion models can usually be attempted. The principle of minimum 
hypothesis suggests a preference for the model with the fewest 
parameters. The simple copolymerization model [ 1, 2 j  is seen to be 
consistent with the experimental data in Table 1 [ 51, and more 
complicated mechanisms such as those in penultimate effect, charge 
transfer, o r  reversible polymerization models are therefore not 
considered in this report. 

The instantaneous copolymer composition is given in te rms  of 
decrements in monomer feed concentration, dMi, by the differential 
equation of -4lfrey and Goldfinger [ 11: 
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ESTIMATION OF REACTIVITY RATIOS 1207 

where the M, a re  the molar concentrations of monomer i ( i  = 1, 2, 3 )  
and r. .  ( i  f j )  a r e  the appropriate binary reactivity ratios. In the 
present example the monomer subscripts 1, 2, 3 refer to MAN, S, and 
A.S, respectively, and the definitions of 1.. are the ones in standard 
use. 

Computer search programs were written to vary the 1.. to 
minimize the variations between the estimated and experimental 
copolymer compositions ( dMi) of Eqs. ( 1) and ( 2). 

Three computer search techniques were used in this study. They 
had in common a linear search which could be conducted along any 
direction with an accelerating stepsize and a quadratic smoothing 
feature to obtain more accuracy. The search proceeds along the 

chosen direction with stepsize at the i-th trial being 2i-1h (for suit- 
ably chosen h )  until the minimum in that direction h a s  been bracketted 
The bracketting interval is then searched with stepsize zk-% (where 
the minimum was bracketted on the k-th trial). This is continued UntiI 
the minimum is known to lie in a n  interval of length 2h. A quadratic fit 
is then performed on these three points and the minimum of tMs 
quadratic is chosen as the new minimum. If the quadratic fit has re- 
sulted in a significant improvement, it is repeared once more using the 
three best points. 

Method 1 

This is the least elegant of the three procedures and needed many 
more function evaluations than the other two methods to obtain the same 
coincidence between calculated and experimental polymer compositions. 
One cycle with Method 1 involved searching along each of the six 
dimensions sequentially. This cycle wpas then repeated as many times 
as were necessarg to find the minimum. That is, 

A 

11 

13 

11 

Three methods for searching were developed: 

( x1, x2 ,  x, , x4 x5 ,  xs ) - (search along dimension 1) - (XI * $  X Z ,  XS, 
x, x, ~ x s )  -. . ~ - (search along dimension 6) - ( x I  I, x2 *) x,*, x, 
xI *) x d f )  - (repeat above searches if necessary) 

Method 2 

and searching in the direction of the gradient until the minimum is 
found. If necessary, the gradient at this minimum is approximated and 
the search is repeated. The direction of the gradient is given by the 
vector C = (G, . . . G,) where 

In this procedure one cycle consists of approximating the gradient 
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1208 RUDIN ET AL. 

( 3 )  

f(x, . . . x . .  . . xg) - f(x; . . . xi*. . . x9) af(x,)  = 1 (4) h 

The computer program for one cycle is flow-charted in Fig. 1. 

Method 3 

ordinate axis. U a point is found which is sigruficantlp different from 
the starting point, a search along the second &s is begun from this 
new paint. If no such point is found, the search along the second axis 
starts at the original point. X successive search of each axis in turn 
is thus carried out either until al l  six have been found to give no im- 
provement or until a significant improvement h a s  been found along two 
of them. In the former case the search is terminated, and in the latter 
a new search is conducted along the direction defined by a line thrGugh 
the original startinq point and the new minimum paint. The point re- 
suiting from this search is then treated as a new starting value, and 
beginning there, the remaining coordinate axes are searched as above. 

Each cycle of this search first involves a search dong the first co- 

The new direction to be searched is defined by 

(Xi* - Xi0) 
H = (H, . . . Hn) = n - 

where xio is the i-th component of the original point and x.* is the i-th 

component of the minimum point obtained. Because a new direction is 
searched every time a significant move is detected along any f x o  axes, 
only two of the x.' w i l l  differ from the corresponding xi*. 

I 

1 
Figure 2 shows the flow chart for one cycle of this procedure. 
As shown in Table 1, the binary reactivity ratios and Eqs. (1) and 

( 2 )  produced an apparent satisfactory coincidence of expezimental and 
calculated copolymer compositions. The sum d squared deviations 
between experimental and calculated mole ratios in the copolymers for 
the sir experimental compositions ape listed in Table 2 along with the 
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6 
N o  

TW 

LINEAR SEARCH_ ALONG c @ 
i h  TO GIVE X TO GIVE X 

X 

FIG. 1. Flow chart  (Method 2). 

0 The input  data includes the values necessary for  function 
evaluations. the initial estimate for  the search,  and a series 
of search parameters  to  determine stepsizes,  acceleration 
factors. and stopping c r i t e r i a  
The gradient in each coordinate direction is approximated. 

is very small ,  we are sufficiently close to the minimum and 
the search prints results and terminates @-a. If not, 
the direction & of the gradient is calculated@-@. 

found. This value is then printed @ and the cycle 
terminates @ - 

W T h e  length of the gradient is calculated and checked. If it 

@ The linear search is conducted along 5 until a minimum is 
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1210 RUDTN ET X L  

INITIAL 

!L--,@ LiN€AR S W C H  

FIG. 2. F?ow chart (Method 3). 

1 T3e data, initial estimates, and search parameters are  read in 
3 The vector 2, giving the direction of the search, is set to zero, 

then i is set to 1 to begin the search along the first axis. 
(continued on opposite page) 

2 08 
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ESTIMATION OF REACTIVITY RATIOS 1211 

corresponding binary reactivity ratios. .Us0 included in this table a re  
the reactivity ratios fitted by the three optimization methods described 
above and the matching minimum values of residual squared deviations. 
It is worth repeating here thas these minima a re  obtained by adjusting 
the six binary reactivity ratios. The form of the simple copolymer 
equation in Eqs. ( 1) and (2) is not altered. 

reduced the sum of squared deviations between experimental and 
predicted copolymer compositions by an order of magnitude. The re- 
activity ratios listed should be considered t o  be approximate solutions 
of the ternary copolymerization equations with the given experimenta! 
data The best estimates of reactivity ratios by the two preferred 
methods a re  fairly close but not coincident. This probably reflects un- 
certainties in the limited number of &ta points, and differences in the 
numbers and efficiencies of the iterative steps in the optimization 
methods. 

confidence limits. Since these reactivity ratios a r e  determined ex- 
perimentally in pairs, their experimental uncertainties a re  coupled. 
Thus the preferred procedure for estimating reiiability involves 
calculation of joint confidence limits within ahich the correct values of 
the pair are believed to coexist with stated probability [ 91. Approximate 
joint 95% Confidence limits for the three reactivity ratio pairs involved 
in the present study have been reported in eariier art icles [ 5, lo].  These 
calculations have been found to have been in e r r o r  and the joint con- 
fidence limits a r e  herewith recalculated using the computer program of 

Fig. 2 continued. 

The entries in Table 2 show that the three search methods have 

3inary reactivity ratios a r e  best cited as numbers with associated 

4 The linear search is conducted along 5 from xo to yield x 
5 A check is made to determine if the Ginimm-point has moved 

Significantly. If it has not, one proceeds to set  up the search 
along the next coordinate axis@. 0 This check is.rna.de only if the minimum did move significantly. 
Its purpose is t o  determine if this is the first o r  second time 
such a move has occurred. If it is the first, one proceeds to 
@, otherwise to@. 

dated to contain the minimum from the first search. The 
dimension counter ID is incremented and one proceeds to set 
up the search along the  next axis@. 

@-@ The new direction is defined @ and the start iag point is 
uDdated @ before the search is conchcted 0. 

@-@ The new minimum is checked: if it has moved significantly, 
we s tore  the new value 0. If not, we retain the old one@ . @-a The direction vector is reset  to search the next coordinate axis. 

@ If all axes have been searched once, the cycle terminates and 
prints results@. 

8 

@ The original minimum xo is stored in XK and xo is then up- 
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ESTIh.Z=ITION OF REACTIVITY RATIOS 1213 

FIG. 3. Joint confidence limits for free-radical copolymerization 
of methacrylonitrile ( r ) and styrene ( r2 ) at 60 and 90" C. The 
solid line loops a re  from daLa of RuCin and Yule [ 121 for toluene 
solutions, for which the best-fit reactivity ratio pairs a r e  given by 
Points A ( 60' C) and B ( 90' C 1. The dashed line loop  is from Cameron 
and Esslemont [ 271 with corresponding reactivity ratio pair shown 
as Point C. 

Tidwell and Mortimer. [ 91. The corrected confidence limit loops are 
shown in Figs. 3 and 4. 

ing reactivity ratio d a t a  Rudin and Yule [ 121 reported negligible 
effect of reaction temperature on the copolymerization of styrene and 
methacrylonitrile in toluene. The confidence limit loops for 60 and 90°C 
measurements overlap. as shown in Fig. 3. The corresponding loop for 
12O'C encompasses the other two and is omitted from this figure for 
clarity. Fi,me 3 also includes the confidence limit loop calculated from 
the data given by Cameron and Esslemont [ 271 for the same monomer 
pair in benzene solution at 60'C. The 60'C data are clearly not sig- 
nificantly different. Figure 4 depicts the confidence limit loops for 
styrene-a-methylstyrene [ 11 1 and a- methylstyrene-methacrylonitrile 
[ 101, all at 60-C. It is evident that the best-fit reactivity ratios 
(Table 2 )  estimated from terpolymerization data do not lie within the  

Figure 3 in particular illustrates the utility of this method of report- 
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1214 RLPIN ET AL. 

ru ( styrene)  
0.9 1.0 1.1 1.2 1.3 1.4 I 080 , I I 1 I 

00 0.1 0.2 a3 OA 02 4 6  oz 
r,3 ( methacrylonitrile I 

FTG. 4. Joint confidence limits for free-radical copolymerization 
at 60°C of: (a)  a-methylstyrene (r, 2 )  and styrene ( r3 ,) [ 111, and 
(b) a-methylstyrene (r, 1) and methacrylonitrile ( rL ). 
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ESTLUTION OF REACTNTTY WTIOS 1215 

joint confidence limit loops calculated from binary copolymerization 
experiments and shown in Figs. 3 and 4. This is discussed in the follow- 
ing paragrapns and later in this article. 

on groups of results of three experiments. The computed r.. values 

a r e  listed in Table 3 along with the results based on the entire six 
experiments (Table 2). The experiment numbers in Table 3 r e f e r  to 
the feed compositions listed under the corresponding numbers in  
Table 1, 

The calculated reactivity ratios are seen to range quite broadly, 
depending on the accidental choice of a particular t r io  of experiments. 
This is particularly so for monomer pairs  involving a-methylstyrene. 
The range of r,  
t o  the particular feed compositions. The variations in reactivity 
ratios seem to  be specially large for  experiments which included feed 
compositions 1 and 2 (as listed in Table I). The reasons for this are 
not clear. The daa groupings which exclude these two experiments 
have the lowest sums of squared deviations and fit reactivity ratios 
which a r e  closest to the binary values. 

In view of this observation, best-fit reactivity ratios were cal- 
culated by Method 3 optimizations on the data from Experiments 3-6 
only. These reactivity ra t ios  were then used to calculate the copolymer 
compositions of all six experiments. The reactivity ratios a r e  listed in 
Table 4 along with the experimental and calcdated copolymer 
compositions for each monomer feed ratio. Tne fit between the latter 
two quantities is good. 

Table 5. compares the binary reactivity ra t ios  measured in previous 
studies [ 10- 121 to the present optimized "multicomponent" reactivity 
ra t ios  from Experiments 1-6 and from Experiments 3-6. Although all 
three sets of parameters produce what seem subjectively to be 
adequate concordance of estimated and experimental copolymer 
compositions, the reactivity ratios from Method 3 optimizations are 
the most successful in this regard. The simple copolymer model 
analysis summarized in Table 3 suggests that results of Experiments 
1 and 2 are  not COISSiStent with those of the other experiments. This 
is supported by the present estimates,  in which reactivity ratios 
computed from Experiments 3-6 alone account nicely for the copolymer 
compositions in all six experiments (Table 4)  and also agree fairly 
well with those from related binary copolymerization studies (Table 5). 
The inconsistency of the results of Experiments 1 and 2 are thus more 
likely due t o  analytical difficulties than to  any change of reaction 
mechanism with monomer feed composition. If the latter were the 
caSe I the reactivity ratios estimated from the other four experiments 
should not have accounted for  the copolymer compositions of 
Experiments 1 and 2. 

The reactivity rarios estimated :rom Method 3 optimizations on 
Experiments 3-6 alone a r e  much closer to the binary values. The 

To analyze the data further, Method 3 optimizations were performed 

11 

and rz (MMN-S) reac t iv iq  ratios is less sensitive 
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1216 RUDLX ET AL. 

TABLE 3. Method 3 Optimizations Reactivity Ratios from Selected 
Groups of Experiments 

~~ ~ 

Minimum 
sum of squared .. E.uperiments deviations '12 1 2 1  r11 1 3 1  r 2 3  f 1 2  

1- 6a 

I- gb 
123 
124 

125 
126 

134 
13 5 
136 
145 

146 
156 

234 

23 5 
23 6 

245 
246 
256 

345 

0.2645 
2.9088 

0.03 58 

0.1328 
0.0432 

0.0515 
0.0356 
0.0153 

0.0521 

0.0774 
0.0919 
0.0264 

0.0718 

0.0169 
0.0328 

0.0658 
0.0367 
0.0140 

0.0123 

0.55 0.45 
0.44 0.37 

0.48 0.47 

0.54 0.67 
0.37 0.26 
0.24 0.10 
0.56 0.35 
0.66 0.36 
0.36 0.33 
0.42 0.33 
0.42 0.40 

0.41 0.30 
0.62 0.86 

0.55 0.29 
0.39 0.37 
0.58 0.73 
0.55 0.67 
0.37 0.38 
0.45 0.37 

1.49 
0.38 

0.94 

1.77 
9-71 
0.41 

0.74 
0. aa 
0.57 
0.42 

0.42 

0.62 
4.15 

1.18 
0. aa 
3.90 
0.41 
0.74 
0.38 

0.23 0.33 
0.53 1.12 
0.71 0.82 
0.71 0.54 
0.a7 0.73 
I. 29 25.2 

0.10 0.36 
0.32 0.51 
0.32 0.52 

0.10 0.53 

0.12 0.63 
0.38 0.56 
0.23 0.74 

4.07 0.80 
0.56 0.55 
0.02 0.31 

0.35 0.33 
0.43 0.69 
0.56 0.99 

0.37 
0.63 
2.38 

( ? i  
1. a8 

3.52 

0.17 
0.48 
0. a5 

0.22 

0.27 
0. a7 
1.44 
1.42 
130 
0.12 
3.42 
1.44 

0. as 
346 0.0107 0.51 0.44 0.38 0.38 1.19 0.68 
356 0.0119 0.50 0.43 0.38 0.26 0.81 0.45 
456 0.0062 0.45 0.38 0.38 0.31 0.83 0.63 

%activity ratios from Method 3 optimizations. 
bBinary reactivity ratios (Table 2). 
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1218 RUDTN ET AL. 

TABLE 5. Comparison of Reactivity Ratios 

Source of estimate r l  rz 111 r31 r33 r3 L 
~ ~~ 

B W  
copolymerization 0.44 0.37 0.38 0.53 1.12 0.63 
studies [ 10-121 

Method 3, 
data from 0.45 0.35 0.39 0.40 0.81 0.61 
Experiments 3-6 
(Table I) 

Method 3, 
data from 0.35 0.45 1.49 0.23 0.33 0. 37 
Experiments 1-6 
(Table 1) 

I -Ijz pa i r  is close to (but not within) the approximate 95% confidence 
&its shown in Fig. 4. The other reactivity ratios are within the cor- 
responding confidence limit loops from binary copolymerization d a t a  

The binary reactivity ratios used in the initial calculations were 
obtained in this laboratory by --liquid chromatographic analysis of 
monomer losses from polyrneydinq mixtures. The results did not 
agree well wtth those of other laboratories which relied on analyses 
of polymer composition for estimation of the 1.. values. This 
discrepancy h a s  been particularly pronounced in the case of co- 
polymerizations with a-methylstyrene (Monomer 3) [ 10, 111. In view 
of this disagreement it 'xrag of interest to see whether the best-tit 
reactivity ratios from terpolymerization data might support binary 
reacrivity ratio data from other laboratories. This comparison is 
made ia Table 6. The ternary reactivity razios calc?rlated by 
Method 3 were used fop this purpose since this method uses least 
computation time and produces the Lowest sum of residuals. 

The comparisons in Table 6 do not resolve the discrepancy between 
reactivity ratios calculated from terpolymerization and binary CO- 
polymerization data The terpolymerization parameters are not 
obviously related to any set of values reported from binary copolymer- 
ization studies. The binary data from this laboratory [ 3 ,  11, 121 are 
generally the closest to the magnitudes of the terpolymerization data. 
A systematic study with a larger  range of feed compositions is re- 
quired to  determine ;ahether the differences noted above are reflections 
of real changes in copolymerization mechanisms o r  aze simply 
artifacts of the rather small set  of data points. 

11 D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
1
5
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



T
A

B
L

E
 8

. 
C

om
pa

ri
so

n 
of 

T
er

n
ar

y 
iU

Id
 B

in
ar

y 
R

ea
ct

lv
lt

y 
R

al
lo

s 
-
 

-
 

Z R
l 

So
ur

ce
 

r
1
1
 

r
a

 1 
rl

¶
 

rs
 I 

r,
 3 

rs
 a 

s 
cx

pe
ri

ni
en

ls
) 

k 
0.

61
 

: ? 

-
_

_
_

~
-

 
_

_
 -
- 

T
lil

s 
w

or
k,

 M
cl

lio
d 

3 
(u

si
ng

 r
es

u
ll

s 
of 

al
l 

0.
55

 
0.

45
 

1.
49

 
. 

0.
23

 
0.

33
 

0.
57

 
M

 

T
lil

s 
w

or
k,

 M
cl

lio
d 

3 
(E

xp
er

la
ie

n
te

 3
-8

 o
nl

y)
 

0.
45

 
0.

35
 

0.
39

 
0.

40
 

0.
81

 

4
 

b
d

ln
 an

d 
Y

ul
e 

[ 1
2,

 5
1 

0.
44

 
0.

37
 

L,
ew

is
 e

t 
al

. 
[ 1

31
 

0.
10

 
0.

30
 

Fo
rd

yc
e 

et
 a

l.
 [
 31

 (
U

W
C

) 
0.

25
 

0.
25

 
0.

35
 

0.
12

 

C
an

ie
ro

ii 
et

 a
l.

 1
14

) 
(8

0°
C

) 
0.

26
 

0.
38

 

Ito
ck

o 
an

d 
C

ar
ey

 [ 
15

) 
(8

0°
C

) 
0.

28
 

0.
43

 
0.

15
 

0.
21

 

Jo
lin

sl
oi

i 
a

id
 R

ud
in

 [ 
11

1 
0.

38
 

0.
54

 
1.

12
4 

0.
62

1 

U
ri

tu
li

 e
t 

al
. 

[ 1
61

 a
nd

 G
ol

ub
ev

a 
et

 a
l. 

(1
7

) 
1.

20
 

0.
35

 

H
ai

is
on

 a
nd

 Z
lin

ni
or

iii
ar

i 
[ l

tr
] 

1.
25

 
0.

25
 

M
or

lli
la

nd
 a

nd
 D

ro
w

ri
 [

 1
91

 
0.

71
 

0.
14

 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
1
5
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



1220 

O T H E R  DATA 

RUDIN ET AL. 

Crescentini, Gechele, and Zanella [ 201 have reported terpolym- 
erization dab for the butadiene (Monomer 11, styrene (Monomer 21, 
2-methyl- 5-vinyl pyridine (Monomer 3) system. Tabie 7 compares 
the experimental copolymer compositions to the values calculated 
from Eqs. (1) and ( 2 )  using the binary reactivity ratios reported by 
the original authors [ 201 and those estimated by our Method 3 
optimization procedure. It is evident that the optimization pro- 
cedure is applicable to these data and that the fit of experimental 
and calculated copolymer compositions is better with "ternary" 
reactivity ratios, as would be espected The optimization procedure 
has changed the reactivity ratios rather !ess in this caSe than in the 
instance examined above. The major change in the present system is 
in r 13 (butadiene-vinylpyridine). 

Kang, 0' DriscoU, and Howell [ 211 list experimental bulls terpolym- 
erization data at four temperatures for reactions of acrylonitrile 
(Monomer l)? methyl methacrylate (Monomer 2), and a-methylstyrene 
(Monomer 3). The data were shown to coincide satisfactorily with 
estimates based on a model in which polymerization of the latter WO 
monomers is reversible. The same resuits are seen here (Table 8) 
to be fitted well by calculations based on the present optimized simple 
terpolymerization model, with reactivity ratios estimated separate!y 
for each reaction temperature. The initial reactivity ratios used for 
the optimization procedure were the 60°C binary copolymer data 
given by Wittmer [ 221. These art? r L 2  0.15, rZ l  L20, r2, 0.30, r31 
0.55, r r ,  0.04,andr, ,  0.13. 

Table 8 compares the experimental copolymer compositions at 
60'C for eleven feed compositions with those estimated by the revers- 
ible copolymerization model of Kang and co-workers [ 211 and the 
present simple copolymerization model. The optimum reactivity 
ratios at 60'C may not be significantly dffferent from the 60°C binarg 
reactivity ratios used as starting values, considering the experimental 
and computational uncertainties in the latter figures (231. 

Table 8 also includes data for bulk polymerizations at 115, 130, and 
140'C. The copolymer compositions can always be W e d  well  by vary- 
ing reactivity ratios in the simple copolymerization model. There is no 
apparent uniform trend of computed reactivity ratios *th temperature. 
We note, however, that the 60 and 130°C terpolymer values are 
reasonably consistent. These are computed from the experlmenrs with 
the largest number o i  feed compositions. In view of the analysis sum- 
marized in Table 3, it may be more prudent to attribute the variations 
of the optimum reactivity ratios at 115 and 140°C to  the influeme of 
inadvertent bias in a relatively small number of experiments than to 
changes in polymerization mechanisms. 

is employed in this vork, the calculations are applicable aniy to 
Since a differential form of the multicomponent copolymer equation 
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polymer compositions formed instantaneously from given monomer 
feed compositions. That is to say, reactivity ratios can  be optimized 
on experimental data only when the polymer composition is invariant 
over the experimental range of conversions [ 31 or when the extent of 
polymerization is kept low. For this reason we have not attempted to 
apply our procedures to high conversion terpolymerization results 
such as those of Kahn and Horowitz [ 241. 

D I S C U S S  I O N  

Harwood and co-workers have reported a method for estimating 
one pa i r  of reactivity ratios from terpolymerization data, given the 
other four reactivity ratios involved [ 25, 261. The procedure involves 
a least squares €it to a linear form of the copolymer equatioa These 
calculations were applied to our rnethacrylonitnle, styrene, a-methyl- 
stgrene data using Ha.rwood's program. Reactivity ratios calculated 
in this instance were unfortunately negative and therefore physically 
meaningless. The reasons for these results are probably not very 
different from the difficulties found occasionally with application of 
linear fits to binary copolymerization data [ 8, 91. They reflect in- 
advertent heavy weighting of extreme data values and can be 
minimized by nonlinear optimization in the ternaq as well as in the 
binary cases. 

We have noted above that the best-fit reactivity ratios from ternzuy 
copolymerizations of &LkY, S, and AAMS are not within the approximate 
joint 95% confidence l imits calculated from binary experiments. 
Table 9 compares experimental ternary copolymer compositions with 
those calculated from Eqs. ( 1) and ( 2 )  using binary and the present 
best-fit ternary reactivity ratios. The sum of squared deviations 
between experimental and predicted polymer compositions is smaller  
by an order  of magnitude vhen ternary reactivity ratios are used in 
Eqs. (1) and (2). The experimental polymer compositions are, how- 
ever,  no6 exact quantities. While the predictions based on the use of 
binary reactivity ratios are further from the experiznental values, 
they are nevertheless probably still within experimental e r r o r  of the 
experimental compositions. (This hypothesis can be maintained, of 
course, only if the deviations behveen the estimated and measured 
values are themselves randomly distributed. ) 

The comparison bemeen the best-fit reactivity ratios found here 
and those computed earlier from binary copolymerization studies is 
carried further in Table 10. Here the compositions of binary 
copolymers are compared vith estimates computed using both cor- 
responding sets of reactivity ratios. The "ternary" reactivity ratios 
do not predict the binary copolpmer compositions as Tell as the 
''binary" parameters. This is as expected, of course, siqce the 
binary data were chosen as best-€it adjustments to the corresponding 
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data [ 10- 121. The "ternary" reactivity ratios estimated from Exper- 
iments 3-6 only (Table 4) generally produce a much closer match to 
the binary copolymerization data than do the reactivity ratios from 
E-xperiments 1-6 (Table 2). This is further circumstantial support 
for the probab!e validity of the parameters given in Table 4. These 
reactivity ratios seem to provide acceptable predictions of binary 
and ternary copolymer compositions, although the estimated values 
are not the best that can be achieved in either case. Some of the 
best-fit ternary reactivity ratios are not within the 95% confidence 
intervals computed for the same parameters from binary copolymeriza- 
tion data However, neither set of reactivity ratios produces results 
which are demonstrably m o n g  when used in t!!e simple terpolymeriza- 
tion model. The t e r n a q  values must yield a closer fit between ex- 
perimental and predicxed compositions in the three-component 
systems, but the experimental compositions are themselves subject to 
uncertainty, The apparent paradox probably reflects the fact that the 
simple copolymer model requires six parameters ( reactivity rztios) 
to predict the two (out of three) polymer compositions. ( A l l  other 
current copolymerization models use even more parameters. ) There 
must be an infinite number of combinations of six reactivity ratios 
which w i l l  produce a match to within experimental uncertainty of the 
composition of a terpolymer from a given feed composition. The 
number of such possible combinations decreases ~3 more correspond- 
ing feed and polymer compositions are measured, but it should not be 
surprising that the six monomer feeds used in the M X X - S - h M 3  study 
C ~ L I  apparently be matched adequately by two different sets of six 
reactivity n t ios .  

binary reactivity ratios in Tabla 7. The ternary values produce a 
better fit to the observed experimental polymer compositions, but 
this is almost by definition, since these values a r e  derived for this 
purpose. The binary values, most oi which do not differ greatly from 
the ternary reactivity ratios, yield polymer composition estimates 
which the original authors felt were ;M adequate fit to experimental 
values [ 201. 

The ''uncertainty principle" to which we have alluded above applies 
also to studies of various copolymerization models. Reactivity r v i o s  
are essentially kinetic parameters and an infinite number of 
mechanistic rnodels can be postulated t o  fit observed kinetics. Re- 
activity ratio studies alone can show whether a gven copolymeriza- 
tion model is consistent vith experimental observations, but such 
studies cannot prove that the acceptable model does indeed reflecr 
the mechanism of che actual polymerization. Other r e s d t s  
(molecular weight measurements, independent demonstration of the 
existence of a complex, and so on) are  3jso needed to support a 
particular reaction modeF 

Similar observations apply to the compatisons of ternary and 

The study of Kang and co-morkers [ 211, summarized in Table 8, 
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is a case in  point. These workers found B reversible  copolymerization 
model t o  be consistent with their  d a t a  Our estimates which a r e  based 
on a simple copolymer model match the experimental data quite well. 
It s e e m s  unlikely that the data cited would permit a conclusive decision 
in fzvor of either mechanisrc. Our inclination is to follow the 
principle of minimum hypothesis. wkich. favors the simple copolymer 
model since this scheme uses  the fewest adjustable parameters.  

C O N C L U S I O N S  

Methods have been described for estimation of reactivity ra t ios  
from mutticonponent copolyrnerizztion d a t a  The r e g e s s i o n  analysis 
h a s  Seen developed for  P simple (terminal-unit ) copolymerization 
model. Extension of the technique to  other copolymerization mechanisms 
would not appear t o  be complicated. 

copolymer compositions and estimated values by adjusting all the re- 
activity ra t ios  in the copolymerization model. The efficiency ot such 
statistical methods increases  witn the number of experimental ob- 
servations. The new method has been demonstrated with data from 
th ree  different t e r p o l y n e r  systems. The " t e r r a y "  reactivity ra t ios  
in these cases do seem nct i o  differ greatly from those values 
established in the corresponding bisary copolymerizatisn studies. 

lvIost practicai  copc!ymeritations involve reactions of three o r  
more vinyl monomers. The p-esent methods a r e  direczlj' applicable 
to  such systems and should provide useful reactivity ra t ios  v i th  much 
iess experimental effort than present procedures which require  study 
of all the corresponding binary copolymers and an a p r i m i  assumption 
that binary react i r i t7  ratios apply in multiconponent polymerizations. 

The techniques used optimize the coincidence between esperimental  
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